In this paper, the notion of generalized preopen compactness is introduced and connections to other several types of compactness are discussed. In addition, new separation axioms are established.
Introduction
Let (X, τ ) be a topological space (or simply, a space) and A ⊆ X. Then A is α-open or α-set [14, 12] (resp., semi-open [2] , semi-closed [2] , preopen [11] , preclosed [11] , semi-preopen [2] , generalized closed [9] ) if A ⊆ int(cl(int(A)))(resp., A ⊆ cl(int(A)), int(cl( both semi-open and semi-closed. A is interior closed [7] if int(A) is semiclosed. A is an A-set [16] if A = U ∩ C, where U is an open set and C is a regular closed set. It is known that an A-set is semi-open [16] . A is a B-set [4] if A = U ∩ C where U is an open set and C is semi-closed. A is locally closed if A is open in its closure [4] . A is an AB-set [4] 
where U is open and C is semi-regular. Equivalently, A is an locally closed set if A = U ∩ C, where U is open and C is closed. Clearly every A-set is a locally closed set and every locally closed set is a B-set. Since regular closed sets are semi-regular and since semi-regular sets are semi-closed, the following implications are obvious:
A − set ⇒ AB − set ⇒ B − set, but none of them of course is reversible [4] . is open. Spaces that contain two disjoint dense subsets are called resolvable. (X, τ ) is called strongly irresolvable [6] if every open subspace of X is irresolvable, i.e. it can not be represented as a disjoint union of two dense subsets. In [5] , it has been pointed out that a space is strongly irresolvable if and only if every preopen set is semi-open. (X, τ ) is said to be P-closed [3] (resp., quasi-H-closed (simply, QHC)) if every preopen (resp., open ) cover of X has a finite subfamily the preclosures (resp., closures) of whose members cover X. (X, τ ) is said to be strongly compact [10] if every preopen cover has a finite subcover. (X, τ ) is called nearly compact [13] if every cover of X by regular open sets has a finite sub cover. Thompson [15] introduced the class of S-closed spaces, where a space X is called S-closed if every semi-open cover of X has a finite subfamily the closures of whose members cover X, or equivalently, if every regular closed cover of X has a finite subcover. (X, τ ) is said to be strongly p-regular [5] (resp., p-regular, almost p-regular) if for each point x ∈ X and each pre-closed set (resp., 
Generalized preopen sets in certain spaces
We begin this section by recalling the concept of generalized preopen set and some related results from [1] .
A subset A of a space X is generalized preopen (simply, gpo-) set if cl(A) ⊆ U , whenever U is a preclosed subset such that U ⊇ A.
Complements of gpo-sets are called generalized preclosed (simply, gpc-) sets.
By gpc(X, τ ) (resp., gpc(X, τ )), we denote the collection of all gpc (resp., gpc) -sets in X.
Lemma 1. [1]
A subset A of a space X is gpc if and only if for every
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We remark that if A and B are gpo-sets, then A ∩ B need not be a gpo-set, while arbitrary unions of gpo-sets are gpo-sets.
Example 1. Since (1, 3] , as a subspace of the reals with the standard topology, is a gpo-set but not preopen, and (0,1] with the indiscrete topology is preopen but not a gpo-set.
Example 2. Let X = {a, b, c, d} and τ = {φ, {a}, {b}, {a, b}, {b, c, d}, {a, c, d}, {c, d}, X}.
Then X is an ED space, {c} is a preclosed set that is not a gpo-set.
Moreover, {c} is not a regular closed set.
Definition 2.
A space (X, τ ) is gpo-irresolvable if every preopen set is a gpo-set.
Theorem 1. In a strongly irresolvable space, every semi-open set is a gposet.
Theorem 2. If (X, τ ) is strongly irresolvable, then it is gpo-irresolvable.
Proof: Let A be a preopen set. Then since X is strongly irresolvable, 
Gpo-compact spaces
Several types of compact spaces were discussed in [3, 4, 5, 8, 11] . In this section, gpo-compact notion is introduced and connections to other several well-known types of compactness are discussed.
Definition 3. A space (X, τ ) is gpo-compact if every gpo-cover (a cover consisting of gpo-sets) of X has a finite subcover.
Equivalently, (X, τ ) is gpo-compact if every gpo-cover of X has a finite subcover. A submaximal space is an example of a gpo-compact space. The proof of the following result follows from the fact that every open set is a gpo-set.
Theorem 4. If (X, τ ) is a gpo-compact space, then it is compact.
Since every compact space is nearly compact and a QHC-space, a gpocompact space is nearly compact and QHC.
Theorem 5. If a space (X, τ ) is gpo-irresolvable and gpo-compact, then it is strongly compact.
Proof: Let A = {A α : α ∈ ∆} be a preopen-cover of X. Then since X is gpo-irresolvable, by Theorem 1, A is a gpo-cover of X and since X is gpo-compact, it has a finite subcover. Thus X is strongly compact.
The converse of Theorem 4 need not be true since a gpo-set need not be preopen. In addition, the notions of gpo-irresolvable and gpo-compact are independent.
Corollary 1. If a space (X, τ ) is gpo-irresolvable and gpo-compact, then it is P-closed.
Proof: Let A = {A α : α ∈ ∆} be a preopen cover of X. Since X is gpo-irresolvable, A α is a gpo-set for all α ∈ ∆ and A is a gpo-cover of X.
Since X is gpo-compact, it has a finite subcover.
, and so X is P-closed.
Since a gpo-set need not be preopen, a P-closed space need not be gpo-irresolvable or gpo-compact.
Corollary 2. If (X, τ ) is P-closed, T 0 and gpo-compact, then it is strongly compact.
Proof: By Theorem 3, (X, τ ) is strongly irresolvable. By Theorem 2, (X, τ ) is gpo-irresolvable and by Theorem 5, (X, τ ) is strongly compact.
Theorem 6. If (X, τ ) is a gpo-compact space, then it is s-closed.
Proof: Let A = {A α : α ∈ ∆} be a semi-open cover of X. Then A is a gpo-cover of X. Since X is gpo-compact, it has a finite subcover such that
Since an s-closed space is S-closed, a gpo-compact space is S-closed.
Theorem 7. If a map f : (X, τ ) → (Y, σ) is gpo-irresolute (resp., gpocontinuous) surjective and K is gpo-compact subset of X, then f (K) is gpo-compact (resp, QHC) in Y.
Proof: Let A = {A α : α ∈ ∆} be any gpo-(open) cover of f (K). Since f is gpo-irresolute (resp, gpo-continuous), A * = {f −1 (A α ) : α ∈ ∆} is gpocover of K where K is gpo-compact. Thus it has a finite subcover. That is 54
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Since f is gpo-irresolute (gpo-continuous) and surjec-
Definition 4. A space (X, τ ) is strongly s-compact if for every gpo-cover
If (X, τ ) is gpo-compact, then clearly it is strongly gpo-compact, since
Definition 5. A space (X, τ ) is strongly Ogpo-regular if X has a gpocover A = {A α : α ∈ ∆} for all x ∈ X, and for all A α (x) ∈ A such that
Theorem 8. If (X, τ ) is strongly gpo-compact and strongly Ogpo-regular, then it is gpo-compact.
Proof: Let A = {A α : α ∈ ∆} be a gpo-cover of X. Then since X is strongly Ogpo-regular, for all x ∈ X, there exists A α (x) ∈ A such that x ∈ A α (x) and there exists U x ∈ gpo(X) with x ∈ U x ⊆ cl(U x ) ⊆ A α (x). Thus {U x : x ∈ X} is a gpo-cover of X. Since X is strongly gpo-compact, there
Corollary 3. If (X, τ ) is strongly Ogpo-regular, then it is strongly gpocompact if and only if it is gpo-compact.
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Theorem 9. If (X, τ ) is a gpo-regular and a strongly compact space, then it is gpo-compact.
Proof: Let A = {A α : α ∈ ∆} be a gpo-cover of X. Then since X is gpo-regular, for all x ∈ A α (x) there exists U ∈ po(X) such that x ∈ U α ⊆ A α for all α ∈ ∆ and so {U α : α ∈ ∆} is a preopen cover of X.
Since X is strongly compact, then
The converse of the preceding Theorem need not be true since a preopen set need not be a gpo-set. Moreover, it is clear that the notions of gpo-regular and gpo-irresolvable spaces are independent. The proof of the following result follows immediately from Theorem 8 and Theorem 9.
Corollary 4. If a space (X, τ ) is gpo-regular and gpo-irresolvable, then it is gpo-compact if and only if it is strongly compact.
Definition 7.
A space (X, τ ) is o-regular if for every gpo-cover A = {A α :
α ∈ ∆} of X and for every x ∈ A α (x) ∈ A, there exists an open set U, Proof: Let (X, τ ) be gpo-compact. By Theorem 7, (X, τ ) is a compact space, so it is QHC-space.
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Conversely, let A = {A α : α ∈ ∆} be a gpo-cover of X. Since X is o-regular, for every x ∈ A α (x) ∈ A, there exists an open set U such that
Hence (X, τ ) is gpo-compact. Proof: Let A = {A α : α ∈ ∆} be a gpo-cover of X. Since X is oregular, for every x ∈ A α (x) ∈ A there exists an open set U such that
.., n., X is strongly gpo-compact.
Conversely, let A = {A α : α ∈ ∆} be an open cover of X. Then A is a gpo-cover of X and since X is strongly gpo-compact,
Thus X is QHC.
Separation axioms via gpo-sets
In this section, several new separation axioms via gpo-sets are introduced.
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Connections to other well-known ones are also discussed.
Definition 8. Let (X, τ ) be a topological space. Then (a) (X, τ ) is called a T p• − space if for each pair of distinct points x, y ∈ X, there is either a gpo-set containing x but not y or a gpo-set containing y but not x.
(b) (X, τ ) is called a T p1 − space if for each pair of distinct points
x, y ∈ X, there is a gpo-set containing x but not y, and a gpo-set containing y but not x.
(c) (X, τ ) is called a T p2 − space if for each pair of distinct points
x, y ∈ X, there exist gpo-sets U and V such that x ∈ U, y ∈ V and
is called a weak regular space if for each closed subset F ⊂ X and each point x / ∈ F , there exist gpo-sets U and V such that x ∈ U, F ⊂ V
(e) (X, τ ) is called a weak normal space if for each pair of disjoint closed subsets F 1 and F 2 of X there exist gpo-sets U and V such that
It is clear that the T p2 condition implies the T p1 condition, which in turn implies the T p• condition. Since the notions of open set and gpo-set are independent, weak regularity and regularity are also independent notions.
Theorem 12.
If each point x ∈ X is a gpo-set, then the space (X, τ ) is a T p1 − Space.
Proof: Let each point of X be a gpo subset of X. If |X| = 1, the result is clear. Thus let x and y be distinct points of X. Then {y} is a gpo-set, so X\{y} is a gpo-set containing x but not y. It follows that (X, τ ) is a T p1 − Space.
58
Talal Al-Hawary − Space is a T p3 − Space and every T p5 − Space is a T p4 − Space.
